In the traditional decision theory, choice with undetermined consequence is usually regarded as random variable, which usually describes objective uncertainty. This paper first considers the human uncertainty in making decisions, and employs uncertain variable to describe the choice. Utility function is also employed in the paper, and expected utility is introduced as a criterion to rank the choices. At last, in order to illustrate the uncertain decision making method, a portfolio selection problem is considered.
Introduction
When considering how to make a decision, a rational person always attempts to make himself as satisfied as possible. In order to measure the satisfaction, a concept of utility is introduced as a criterion, and a concept of utility function is proposed to map different choices to different utilities. From this point, a rational person always takes the choice with maximum utility for his decision.
Due to the complexity of the environment, a choice may lead to different consequences with different chances. For example, the price of a stock may rise or drop, thus investment on this stock may increase or decrease the investor's wealth. In 1953, Von-Neumann and Morgenstern 1 assumed that the consequence was random, and modeled it by a random variable. Based on this assumption, they developed the utility theory, and presented an expected utility criterion. Under this criterion, a rational person always takes the choice leading to maximum expected utility for his decision. After that, many economists analyzed human economic behavior via expected utility function such as Schoemaker, 2 Gilboa and Schmeidler, 3 Rabin 4 and so on. However, due to human uncertainty in the decision making process, the consequence of a choice sometimes does not behave like randomness. In 1970, Bellman and Zadeh 5 assumed that the consequence was fuzzy and modeled it by a fuzzy set (Zadeh 6 ). Based on this assumption, they proposed a decision-making method in fuzzy environment. However, possibility measure (Zadeh 7 ), the theoretical foundation of fuzzy set, has one big drawback that the possibility measure does not meet the self-duality condition. It means the possibility of an event plus the possibility of its complementary event may not equal 1. Take a fuzzy set "about 150 cm" in the sentence "a boy is about 150cm tall" for example. By the possibility measure, the possibility that "the height of the boy is exactly 150cm" is 1, and the possibility that "the height of the boy is not 150 cm" is also 1, which absolutely contradicts to human's cognition. In order to improve possibility theory, an uncertainty theory was invented by 24 ).
Inspired by Bellman and Zadeh, 5 we assume the consequence of a choice is an uncertain variable in this paper and propose a decision-making method based on the expected utility criterion. The remainder of this paper is structured as follows. The second section introduces some basic concepts in uncertainty theory. Utility function and expected utility criterion are introduced in Sec. 3. After that, an uncertain decision making method is proposed and some properties are studied in Sec. 4. As an example, an application to portfolio selection is investigated in Sec. 5. Then combined choice in complex environment and its applications are studied in Sec. 6. At last, some conclusions are drawn in Sec. 7.
Preliminary
This section is intended to introduce some basic results in uncertainty theory. The first concept is uncertain measure, which is used to indicate the possibility that an event happens. 
In this case, the triple (Γ, L, M) is called an uncertainty space.
Besides, an axiom called product measure axiom was given by Liu 17 for the operation of uncertain variables in 2009.
Definition 2. (Liu 8 ) An uncertain variable ξ is a measurable function from an
uncertainty space (Γ, L, M) to the set of real numbers , i.e., for any Borel set B of real numbers, the set
Uncertainty distribution is an important tool to describe uncertain variable, which is defined as follows. 
has an inverse uncertainty distribution
Example 1. Let ξ 1 and ξ 2 be two uncertain variables with regular uncertainty distributions Φ 1 and Φ 2 , respectively. Then η = ξ 1 + ξ 2 has an inverse uncertainty distribution
and τ = ξ 1 − ξ 2 has an inverse uncertainty distribution
Expected value is used to represent the average of an uncertain variable in the sense of uncertain measure, and it is a criterion to compare uncertain variables. 
In addition, Liu 9 verified the linearity of expected value operator, that is
for any given independent uncertain variables ξ and η, and real numbers a and b.
Utility Function
Expected value criterion, that a rational person takes the choice with maximum expected value, is often employed to explain human's behavior. For examples, an individual is offered two choices: (1) accepting 50-50 chance of winning $100 or nothing; (2) accepting 50-50 chance of winning $90 or nothing. All rational persons will take choice (1) because the expected value of choice (1) (1) is $50 and it is larger than $45 of choice (2), so some people still take choice (1), but many other people will turn to choice (2) . In order to explain phenomena like this, a concept of utility was proposed by Bernoulli and Cramer, which is regarded as a measure of relative satisfaction. In 1953, Von-Neumann and Morgenstern 1 developed utility theory, and presented the expected utility criterion instead of expected value criterion. Under such criterion, alternative investment strategies can be ranked by the utility, and a rational investor always chooses the one with maximum utility. For convenience, choices with determine consequences are usually modeled by real numbers in practice. For example, a choice receiving $45 without any doubt can be denoted by ξ = 45. Choices with random consequences are usually modeled by a random variable. For example, a choice accepting 50-50 chance of winning $100 or nothing can be denoted by η = 100 with probability 0.5, 0 with probability 0.5.
Utility is just a measure of an individual's satisfaction, so it changes according to different individuals. From the point of mathematics, utility maps the consequence of a choice to a real number, and a utility function U is essentially a function on the set of the consequences of the choices. In this paper, the utility function is always assumed to be non-decreasing with respect to the consequences of the choices. For example, assume a risk-avoidance individual has a utility function U (x) = 1 − exp(−x/100). Then we have U (ξ) = 0.36 and U (η) = 0.63 with probability 0.5, 0 with probability 0.5
Since E[U (η)] = 0.315 < 0.36 = U (ξ), the individual with a utility function U (x) = 1 − exp(−x/100) will take the choice receiving $45 without any doubt.
Uncertain Decision Making: Simplex Choice
Due to the inefficient information in daily life, a choice may lead to many possible consequences. For example, the price of a stock may increase 10$ or decrease 5$, thus a choice of 100 share stocks may cause the wealth increasing 1000$ or decreasing 500$. In probability theory, such a choice is regarded as a random variable. However, human uncertainty occurs in the process of decision making. As a result, the consequence of the choice may not behave randomly and cannot be modeled by a random variable. In this section, we will propose an alternative method by introducing uncertain variable to model the human uncertainty. Let an uncertain variable ξ denote the uncertain consequence of a choice, and U denote the utility function of an individual. Then U (ξ) is the utility of the choice. In fact, U (ξ) is essentially an uncertain variable. What we mainly concern about are the uncertainty distribution and expected value of U (ξ), which dominate the decision that an individual will make.
Theorem 3. Let ξ be a choice with an uncertainty distribution Φ and U be a utility function. If U is strictly increasing, then U (ξ) has an uncertainty distribution
Proof. It follows from the definition of uncertainty distribution that
The theorem is thus verified.
Theorem 4. Let ξ be a choice with uncertainty distribution Φ, and U be a utility function. If U is strictly increasing, then the expected utility value of ξ is
E[U (ξ)] = +∞ 0 1 − Φ U −1 (x) dx − 0 −∞ Φ U −1 (x) dx.
Furthermore, if the uncertainty distribution Φ is regular, then
Proof. By the self-duality of uncertain measure, we have
It follows from the definition of expected value that
Furthermore, if Φ is regular, then U (ξ) has an inverse uncertainty distribution
The theorem is verified.
Definition 6.
Let ξ and η be two uncertain choices, and U be a utility function. Proof. Since Φ(x) ≤ Ψ(x), we have
Note that U is a non-decreasing function, and we have
By Definition 6, we have ξ η. The theorem is thus verified.
Note that for two uncertain choices ξ and η, either ξ η or η ξ. Thus the choice set becomes an ordered set. By Zorn Lemma, there must be a choice at least as preferred as any other choice. By expected utility criterion, we can take this choice. However, different individual has different utility function, so it may occurs that ξ η for one person while η ξ for another person. In next section, we will give an example to illustrate it.
Application to Portfolio Selection
In this section, we apply uncertain decision making method to a portfolio selection problem based on an uncertain stock model, and get an optimal investment strategy for different investors according to their different utility functions.
An uncertain process is a sequence of uncertain variables indexed by time. For constructing a stock model in uncertain environment, we first introduce a type of uncertain process called canonical process which can be regarded as a counterpart of Wiener process. (i) C 0 = 0, and C t is a stationary independent increment uncertain process;
(ii) almost all the sample paths of C t are Lipschitz continuous; (iii) C t is a normal uncertain variable with expected value 0 and variance t 2 , i.e.,
C t has an uncertainty distribution
Assume there is a riskless bond and a stock in the financial market. Let X t denote the price of the bond, and Y t denote the price of the stock. Then Black and Scholes proposed a stochastic stock model in 1976 as follows,
where r is the riskless interest rate, μ is the log-drift, σ is the log-diffusion, and W t is a Wiener process. In this model, a basic assumption is that the stock price is a stochastic process, and it is influenced only by random factors.
However, human uncertainty occurs in trading stocks, and apparently influences the prices of the stocks. So here, we employ the canonical process instead of Wiener process to model the stock price influenced by human uncertainty, and propose a stock model as follows,
where C t is a canonical process as aforementioned. In such an uncertain market, a basic question for an investor is how much to invest on the bond and how much to invest on the stock. For simplicity, we assume an investor has only three investment choices in the market, which are only bonds, only stocks and half-and-half, respectively. Let W 0 denote the investor's initial wealth, and ξ i denote the finial wealth at time T by choice i, i = 1, 2, 3. Solving the uncertain stock model, we have
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Assume there are three investors in the uncertain market. In order to compare their choices numerically, set W 0 = 1, r = 8%, μ = 0.06, σ = 0.2 and T = 5. Suppose the first investor has a utility function U 1 (x) = 1 − exp(−x). Then we have
by Theorem 4. As a result, he will buy only bonds. Suppose the second investor has a utility function U 2 (x) = √ x. Then we have
As a result, he will buy only stocks. Suppose the third investor has a utility function U 3 (x) = ln(x). Then we have
As a result, he will buy half bonds and half stocks. This example shows that, facing the same choices, different individuals may take different choices according to their personal utility functions.
Uncertain Decision Making: Complex Choice
As the above example shows, a simplex choice such as only bonds or stocks sometimes will not maximize the expected utility for some people. In this section, we consider the utility of different choices, and make a derived choice under certain constraints.
Assume there are n choices in the choice set, denoted by ξ 1 , ξ 2 , . . . , ξ n . When making decisions, we can just select ξ i , or we can make a combined choice ξ = (p 1 ξ 1 , p 2 ξ 2 
